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Abstract
Equations of the conformal theory of gravity with a Dirac scalar field in a Weyl–
Cartan space-time have been derived. An exact solution of the equation for a scalar
field, which has kind of a decreasing exponential function, has been found. This
allows to explain a significant decrease (during of the period of inflation) the energy
of physical vacuum (dark energy), which has been identified with the energy of the
Dirac scalar field.
According to calculations of the quantum field theory, values of the cosmological con-
stant responsible for accelerated expansion of the Universe should differ on 120 orders at
early and modern stages of evolution. In [1], [2] one of the possible approaches has been
developed to an explanation of such cosmological constant dynamics.
As the basis of the further constructions, we use Poincare–Weyl gauge theory of grav-
itation that has been developed in [3] – [5]. This theory is ivariant both concerning the
Poincare’s subgroup and the Weyl subgroup – extensions and compressions (dilatations)
of a spaces-time. In the theory there is the additional scalar field β(x) introduced by
Dirac. Its transformation under action of dilatations looks like: δβ = ε(x)β.
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2As a consequence, an invariance of the theory under the following conformal transfor-
mations arises:
δgMab = 0 , δgµν = −2εgµν , δhaµ = −εhaµ , δΓabµ = δab ∂µε ,
δRabµν = 0 , δT
a
µν = −εT aµν , δQµ = 8∂µε .
Here gMab is the Minkowski metric of a tangent space, T
a
µν is a torsion tensor, Qµ = Q
ν
νµ
is the Weyl’s vector.
The Lagrange density of the theory in a Weyl–Cartan space-time is as follows:
L = LG + Lm + 1
2
√−gΛµab
(
Qabµ − 1
4
gabQµ
)
, Λµabg
ab = 0 ,
where Λµab are Lagrange multipliers, Lm is a Lagrange density of matter. The Lagrange
density of a gravitational field we present as follows:
LG =
√−g(f0β2R + LR2 + β2LT 2 + β2LQ2 + β2LTQ + Lβ) , f0 =
1
2κ
, κ = 8piG , c = 1.
(1)
It includes Lagrangians quadratic in curvature, LR2 , and torsion, LT 2 , a Lagrangian LQT
containing a curvature–torsion interaction, and a proper Lagrangian of the scalar field
Lβ = l1g
µν∂µβ∂νβ + l2β∂µβg
µσTσ + l3β∂µβg
µσQσ + l4β∂µβQ
µσ
σ + Λ0β
4 .
Variational equations of the field in the Weyl-Cartan space-time have been derived
by variation of the full Lagrangian density of the theory. The independent variables are
tetrads, a nonholonomic connection, the scalar field and the Lagrange multipliers.
At the first stage we neglect the contributions from terms quadratic in the curvature
tensor, arising from the variation of the Lagrangian LR2 .
Due to the cumbersome, the h−equation and the Γ−equation are not present here,
while the β−equation has the form:
δL
δβ
=− 2l1
∗
∇µ
(√−ggµν∂νβ)− β ∗∇µ (√−g(l2T µ + l3Qµ + l4Qµλλ))+
+ 2β
√−g
(
f0R + LT 2 + LQ2 + LTQ2Λ0β
2
)
+
δLm
δβ
= 0 ,
where
∗
∇µ= ∇µ + Tµ, Tµ = T νµν . Variation of the Lagrange multipliers gives the Weyl
condition on the nonmetricity tensor, Qabµ = (1/4)g
abQµ.
Variational equations are the equations of the gravitational field of the conformal
theory of gravity in the Weyl–Cartan space-time with a Dirac scalar field in the tetrad
3formalism. These equations are now investigated with a view to obtaining and solving an
equation for the scalar Dirac field at the early stage of evolution of the universe in the
absence of matter, Lm ≡ 0.
In homogeneous and isotropic space-time the condition, T aµν = −(2/3)ha[µTν], takes
place [6]. By means of this condition and in view of the Weyl condition, we can express
from the Γ-equation a torsion trace and Weyl vector through the Dirac scalar field β:
Tµ = χT∂µ lnβ , Qµ = χQ∂µ ln β . (2)
The coefficients in (2) are expressed through couple constants of the original Lagrangian.
Considering the consequence of the h−equation together with the β−equation, and
taking into account (2) and the condition of homogeneity and isotropy of space, we shall
get,
ββ¨ − (k + 1)(β˙)2 = 0 , k = B
A
, (3)
where the constants A and B are expressed through the parameters of the original La-
grangian.
By replacing β = u−1/k (if k 6= 0) or β = exp(u) (if k = 0), this equation is reduced
to the equation u¨ = 0. Then the exact solution of equation (3) will be:
β =
β0
(C1tˆ + 1)(1/k)
, (k 6= 0), β = β0 exp(−C2tˆ) , (k = 0) , (4)
where β , C1 and C2 are arbitrary constants of integration. The constant β0 is the value
of the scalar field in the initial time, namely, in the Planck time. For reasons of quantum
field theory, this quantity should be very huge. The constants C1 or C2 determine the
initial value of the rate of the Dirac scalar field change.
Parameter k in rather complicated manner is determined by 16 of the coupling con-
stants of the original Lagrangian (1). Therefore, we can always choose these constants so
that one of the following conditions are fulfilled,
1
k
=
A
B
>> 1 , or k = 0 (B = 0). (5)
Thus (at least for the open universe) if one of the conditions (5) is valid, one can provide
the necessary rapid decrease in time the scalar field value.
The scaling-invariant theory of gravitation with scalar field in Riemann space-time has
been developed in [7]–[9] (see also the references therein) in order to derive an alternative
scenario of the evolution of the universe. In this scenario some of the observation data of
modern cosmology can be explained without introducing Λ-term and without adopting
4the inflation hypothesis. In contradiction with this, we do not reject inflation and Λ-term.
In [1], [2], [10] we have expressed the hypothesis that the dark energy is determined by
the value of the Dirac scalar field and determined by the term Λ0β
4 of the Lagrangian.
Thus our result can explain the rapid decrease in time of the dark energy (the energy
of physical vacuum). The decrease of dark energy according to (4) is much more intense
than the corresponding decrease, which can be carried out in Poincare gauge theory of
gravity [11], [12], in which the effective cosmological term is defined by the torsion tensor.
We point out that the ultra-rapid decrease of the energy of physical vacuum according
to the law (4) occurs only prior to the Friedmann era evolution of the universe. According
the scenario of inflation, the birth of the rest masses of elementary particles begins in the
last period of inflation, and further evolution of the universe is determined not by a scalar
field, but mainly by the born ultrarelativistic matter and the radiation interacting with
it. Solution (5) requires a suitable modification in this case.
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